The structure of diagonal singularities of Green functions of partial differential operators of even order acting on smooth sections of a vector bundle over a Riemannian manifold is studied. A special class of operators formed by the products of second-order operators of Laplace type defined with the help of a unique Riemannian metric and a unique bundle connection but with different potential terms is investigated. Explicit simple formulas for singularities of Green functions of such operators in terms of the usual heat kernel coefficients are obtained.
Introduction
The Green functions G(x, x ′ ) of a partial differential operator, L : C ∞ (V (M)) → C ∞ (V (M)), acting on fields ϕ ∈ C ∞ (V (M)), i.e. smooth sections of a vector bundle V (M), over a d-dimensional Riemannian manifold M with metric g is of great importance in mathematical physics and quantum theory [1, 2, 3, 4] . In particular, the singularities of the Green functions on the diagonal x = x ′ play a crucial role in the renormalization procedure of quantum field theory [5] .
In this paper we consider differential operators of higher orders of a special form, namely, the products of the second-order operators of Laplace type, i.e.,
where
with = g µν ∇ µ ∇ ν being the generalized Laplacian (or D'Alambertian, in hyperbolic case), ∇ the covariant derivative on the vector bundle V (M), Q i = Q i (x) are arbitrary matrix-valued functions, i.e. endomorphisms of the vector bundle V (M), called the potential terms. Operators of this type arise in higher-derivative field theories (for example, in higher-derivative quantum gravity [6] ). We do not restrict the signature of the metric of the manifold, it can be Euclidean, signg = (+ · · · +), leading to elliptic operators, as well as Minkowskian signg = (− + · · · +), corresponding to hyperbolic ones.
The Green functions of the operator L are defined by requring them to satisfy the equation
with L acting on the first argument of G(x, x ′ ) and δ(x, x ′ ) being the covariant deltadistribution on the vector bundle V (M).
Here some remarks are to be made: i) First, in Euclidean (elliptic) case for noncomplete manifolds with boundary, the equation (3) does not define a unique Green function and one has to impose some suitable boundary conditions. We assume that some appropriate boundary conditions are choosen, so that the Green function is defined uniquely. Since we are going to investigate only the singularities of G(x, x ′ ) near diagonal x = x ′ , our analysis will be purely local and the boundary conditions will not play any role in our consideration.
ii) Second, in pseudo-Euclidean (hyperbolic) case we will fix the Green function by the Wick rotation, i.e. the analytic continuation from the Euclidean case, which is equivalent to adding an infinitesimal negative imaginary part to all potential terms,
In other words, we consider the Feynman propagators. Thus in the following we deal mainly with the elliptic case-the formulas for the hyperbolic one are obtained just by analytic continuation.
iii) Last, we will also assume for convenince the potential terms to be everywhere large enough, Q i (x) > const > 0, so that all operators F i are elliptic and positive. Then the operator L is, of course, also positive. The singularities, do not depend, of course, on this assumption but it simplifies the intermediate computations.
Heat kernel representation of the Green function
The Green function of a product of operators (1) is obviously expressed as the convolution of the Green functions G j = F −1 j of each factor
Further, by using the heat kernel representation for the positive elliptic Laplace type operators [2, 3, 6, 7]
one obtains the heat kernel representation for the Green function G
or in the kernel form
where dvol(y) = dyg 1/2 (y) is the invariant volume element on M.
The behavior of the Green function G(x, x ′ ) near diagonal x → x ′ is determined by the behavior of the heat kernels U j (t j |y j−1 , y j ) at t j → 0, which is well known [3, 2, 6, 7] . Thus, following [7] , we use a semi-classical ansatz for the heat kernel
Here σ(y j−1 , y j ) is the geodetic interval defined as one half the square of the geodesic distance between points y j−1 and y j and ∆(y j−1 , y j ) is the corresponding Van Fleck determinant [2, 8, 9] . This ansatz reproduces the initial condition for the heat kernel,
provided the function Ω j (t j |y j−1 , y j ), called the transfer function, has a regular limit as
where P(y j−1 , y j ) is the parallel displacement operator along the geodesic. Now let us introduce new integration variables
with the variables ξ j satisfying a constraint
The integration over the t j 's takes the form (14) and, therefore, the Green function (8) can be written as
Remember, that locally, near diagonal, i.e. for x close to x ′ , the Van Fleck determinant does not vanish ∆(x, x ′ ) = 0.
Asymptotic expansions
From the heat kernel representation (15) it is clear that the diagonal singularities of the Green function, when σ(x, x ′ ) → 0, are determined by the behavior of the function A(t|x, x ′ ) at small t. To study this behavior we remember, first of all, the well known asymptotic expansion of the transfer function near diagonal
where a [12, 6, 13, 7, 14] . In particular cases, as in flat space, there results for higher-order coefficients. For a review of the methods for calculation of HMDS-coefficients and further references see [15, 16] .
By using the obvious equation
it is not difficult to show that the function A(t|x, x ′ ) is regular in the limit t → 0
Moreover, by changing the integration variables y j and using the asymptotic expansion of the heat kernel (18) one can obtain the asymptotic expansion of the function A(t|x, x ′ ), i.e. as t → 0 there holds, in particular,
where c k (x, x ′ ) are some coefficients which are analytic in x → x ′ and the rest term is of order
The positivity of the operator L leads, in addition, to exponential falling-off of the function A(t|x, x ′ ) at the infinity, as t → ∞. Thus the integral over t in eq. (15) always converges at the upper limit t → ∞.
Using eq. (21) one can calculate the integral (15) over t and obtain an expansion of the Green function near diagonal, when σ(x, x ′ ) → 0,
The first term in this formula is a polynomial in the inverse powers of σ(x, x ′ ) and gives the leading singularities of the Green function. Let us look at the second term, the function Ψ(x, x ′ ). Off the diagonal, i.e. for x = x ′ , or σ = 0, the integral over t always converges at the limit t → 0. However, on the diagonal, σ = 0, the point is a bit more subtle. For odd dimensions, d, we have
and, therefore, the integral (24) over t converges at the limit t → 0 also on diagonal x = x ′ , meaning that the function Ψ(x, x ′ ) is a regular smooth function on the diagonal, actually it is analytic in x close to x ′ and, hence, can be expanded in a covariant Taylor expansion.
For even dimensions, d, in contrary, there holds
and, therefore, the integral (24) does not converge on the diagonal, for σ = 0. It is easy to see, that in this case the function Ψ(x, x ′ ) exhibits a logarithmic divergence
where Ψ reg (x, x ′ ; µ) is a regular analytic function in x → x ′ and µ is an arbitrary dimensionful parameter introduced to preserve dimensions.
Thus we obtained the complete structure of the diagonal singularities of the Green function of the product of N Laplace type operators
Therefrom, we see that:
i) the structure of singularities is determined by the coefficients c k (x, x ′ ) of the asymptotic expansion of the function A(t|x, x ′ );
ii) in odd dimenions there is no logarithmic singularity and the regular part of the Green function G reg does not depend on µ;
iii) for N > d/2 there are no singularities at all and the Green function is regular analytic function on the diagonal, i.e. there exists finite coincidence limit G(x, x); iv) for N = [(d + 1)/2] there are no singularities for odd dimension d = 2N − 1 and there is only logarithmic singularity in even dimension d = 2N.
The logarithmic singularity of the Green function is very important. On the one hand it determines, as usual, the renormalization properties of the regular part of the Green function. Indeed, noting that G does not depend on µ we obtain from (28)
On the other hand, the absence of the logarithmic singularity, i.e. χ(x, x ′ ) = 0, is a necessary and sufficient condition for the validity of the Huygence principle for hyperbolic operators [17, 18, 19] . Thus, the differential operators L with vanishing function χ(x, x ′ ) are the Huygence differential operators. By expanding this coefficient in the covariant Taylor series, using the methods of [7] , one obtains an infinite set of local conditions for the validity of the Huygence principle
The problem is now to calculate the coefficients c k (x, x ′ ). The simplest case is, of course, the case of equal potential terms, i.e.
In this case all operators F j are equal to each other
and the operator L is the N-th power of the Laplace type operator
Using the heat kernel representation we find
where U(t) = exp(−tF ). Rewriting this in kernel form and comparing with eq. (15) we find that the function A(t|x, x ′ ) in this case is just the transfer function determined by the ansatz (9) for the heat kernel of the Laplace type operator F :
This means, in particular, that the transfer function satisfies a nontrivial identity
where Φ(x, y 1 , . . . , x ′ ; ξ 1 , ξ N ) is defined by eq. (17). From eq. (36) we find that the coefficients c k are equal to the usual heat kernel coefficients
Thus the extent to which the coefficients c k differ from the HMDS-coefficients a (j) k in general case is only due to the different potential terms. We see that the function A(t) is an 'averaged' (or weighted) transfer function of the Laplace type operators.
Covariantly constant perturbations of the potential terms
Let us consider now the case when the potential terms Q j differ from each other by covariantly constant terms λ j which commute with all other matrices (the potential terms, the bundle curvature R µν = [∇ µ , ∇ ν ] and their derivatives), i.e.,
In this case we have
and, therefore,
The operators F i , even if different, commute and from the heat kernel representation (7) by using the change of variables (14) we obtain
Rewriting this equation in the kernel form and comparing with eq. (15) we find that the function A(t) differs from the transfer function Ω(t|x, x ′ ) for the Laplace type operator F (42) just by a prefactor ω(t):
The function ω(t) is analytic in t. Expanding it in the Taylor series
we find the coefficients c k
where a n are the HMDS-coefficients.
Algebraic approach
As we have seen, the function A(t|x, x ′ ) is very closely connected with the transfer function Ω(t|x, x ′ ) of an Laplace type operator. Moreover, in particular cases considered above the coefficients c k are expressed linearly in terms of the usual HMDS-coefficients a k . Let us show now how one can compute the coefficients c k in general case.
Let us define some auxilliary operators Z j , (j = 1, 2, . . . , N), by
Now let us introduce a column-vector built from the auxillary operators
The Green function we are looking for is the first component of this vector and can be obtained by multiplying with the row-vector Π † 1 = (1, 0, . . . , 0)
Further, let us introduce a matrix F formed by the operators
Then the equations (49) can be rewritten in a matrix form
The operator F has the form
where 1 I is the unity N × N matrix and Q is defined by
It is of Laplace type and is, therefore, nondegenerate, i.e. there exists a well defined Green function G = F −1 . Thus from the eq. (53) we have
Finally, from (51) we get the Green function
where Π is a projector of the form
and 'tr ′ denotes the usual matrix trace. Note that this trace has nothing to do with the trace over the bundle indices which are left intact.
This shows that the problem is reduced to a Laplace type operator F with additional matrix structure. Using the usual heat kernel representtion for the Green function of the Laplace type operator we have from eq. (58)
where Ω(t|x, x ′ ) is the transfer function of the operator F (55). It is not difficult to show that due to the presence of the projector Π and the special form of the potential term Q (56) the asymptotic expansion of the function tr Π Ω(t) as t → 0 begins at the order t N −1 .
Comparing the eq. (60) with eq. (15) we find then the function A(t|x, x ′ ) in terms of the transfer function Ω(t|x, x ′ ) A(t) = (N − 1)! t −N +1 tr Π Ω(t).
By using the expansions of the functions A(t) (21) and Ω(t) (18) and equating the powers of t we obtain finally the coefficients c k in terms of the HMDS-coefficients 
